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The dynamic propagation of an interface crack between two dissimilar functionally graded piezoelectric
material (FGPM) layers under anti-plane shear is analyzed using the integral transform method. The
properties of the FGPM layers vary continuously along the thickness. The properties of the FGPM layers
vary differently and the two layers are connected weak-discontinuously. A constant velocity Yoffe-type
moving crack is considered. Fourier transform is used to reduce the problem to two sets of dual integral
equations, which are then expressed to the Fredholm integral equations of the second kind. Numerical
values on the dynamic energy release rate (DERR) are presented for the FGPM to show the effects on
the electric loading, gradient of material properties, crack moving velocity, and thickness of layers. Fol-
lowings are helpful to increase of the resistance of the interface crack propagation of FGPM: (a) certain
direction and magnitude of the electric loading; (b) increase of the gradient of material properties; (c)
increase of the material properties from the interface to the upper and lower free surface; (d) increase
of the thickness of FGPM layer. The DERR increases or decreases with increase of the crack moving
velocity.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Due to their intrinsic electromechanical coupling effects, piezo-
electric materials have been widely used in smart sensors, trans-
ducers and actuators. When piezoelectric ceramics are subjected
to mechanical and electrical stresses in service, the initiation and
propagation of cracks may result in the failure of these materials.
To prevent failure during service and to obtain the reliable service
life time of piezoelectric components, the fracture mechanics of
piezoelectric ceramics have been given more attention in recent
years. In particular, fracture analysis of functionally graded piezo-
electric materials (FGPMs) has been attracted extensive attention
in order to meet the demand of high strength and high tempera-
ture applications. The FGPMs are microscopically non-homoge-
neous because the mechanical properties of the FGPM vary
smoothly and continuously. A crack in the FGPMs may exhibit
complex behavior because of the variation of the mechanical prop-
erties of the material. Signiﬁcant efforts have been made in the
study of the FGPMs.
The fracture behaviors of the FGPMs have been studied widely
for static problem. Wang and Noda (2001) studied the thermally
induced fracture of a FGPM actuator in a substrate. The problem
of a ﬁnite crack in a strip of FGPM was analyzed by Li and Wengll rights reserved.
: +82 42 821 8894.
eeys@cnu.ac.kr (Y.-S. Lee).(2002a). Wang (2003) studied a mode-III crack in FGPMs. A FGPM
strip with eccentric crack under anti-plane shear was analyzed by
Shin and Kim (2003). Hu et al. (2005) and Yong and Zhou (2007)
studied both the impermeable and permeable cracks in a FGPM
layer bonded to two dissimilar homogeneous piezoelectric half
spaces. Zhou and Wang (2006) solved an anti-plane shear crack
in FGPMs using non-local theory. Jiang (2008) investigated the
fracture behavior of FGPMs with dielectric cracks. Zhou and Chen
(2008) studied the interaction of two parallel mode-I limited-per-
meable cracks in a FGPM. Interaction between an electrically per-
meable crack and the imperfect interface in FGPM was solved by
Li and Lee (2009a). Yan and Jiang (2010) investigated the parallel
cracks in FGPMs. The thermal fracture of FGPMs was analyzed by
Rao and Kuna (2010).
Several analytical researches concerned with the transient re-
sponse of crack in FGPMs were reported. The impact response of
a crack in FGPM was analyzed by Chen et al. (2003a). Chen et al.
(2003b) also investigated the dynamic anti-plane problem of a
FGPM strip with a central crack perpendicular to the boundary.
Ueda (2003a,b) solved static and dynamic electromechanical re-
sponses of a crack in a FGPM strip. Shin et al. (2004) analyzed
the dynamic response of an eccentric crack in a FGPM strip under
anti-plane shear impact loading. Dynamic behavior of a crack in a
FGPM strip bonded to two dissimilar half piezoelectric material
planes was analyzed by Sun et al. (2005). Ueda (2005) studied
the impact response of a FGPM strip with a vertical crack. Dynamic
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Fig. 1. Geometry of a constant moving interface crack between two dissimilar
functionally graded piezoelectric layers.
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analyzed by Ueda (2007).
A few researches on the dynamic behavior of a moving crack in
FGPMs were presented. Jin and Zhong (2002) examined a moving
mode-III crack in FGPM. Li and Weng (2002b) investigated the
Yoffe-type moving crack problem in the FGPM by using Fourier
transform technique. The propagation of an anti-plane moving
crack in a FGPM strip was studied by Jin et al. (2003). Kwon
(2004) analyzed the dynamic propagation of an anti-plane shear
crack in a FGPM strip. The problem of a moving mode-III crack in
a FGPM strip was discussed by Hu and Zhong (2005). Shin et al.
(2009) studied the dynamic propagation of a ﬁnite eccentric crack
in a FGPM strip. The problem on a moving dielectric crack in a pie-
zoelectric interface with spatially varying properties was investi-
gated by Yan and Jiang (2009).
Much fewer studies have been conducted for the interface crack
problem of the FGPMs. Li and Lee (2009b) solved anti-plane frac-
ture for the weak-discontinuous interface in a non-homogeneous
piezoelectric bi-material structure. Interfacial fracture analysis of
a FGPM layer on a substrate with ﬁnite dimension was conducted
by Li and Lee (2009c). Research trends and concepts of the inter-
face crack problems (especially, conditions of interface connection)
until now were speciﬁed in detail by Li and Lee (2009b). But, solu-
tion of the dynamic crack propagation of an interface crack be-
tween two dissimilar FGPM layers has not been presented.
Applying the electric boundary condition for the crack, many
researchers have adopted two different boundary conditions, per-
meable and impermeable. But, these two boundary conditions
have not been veriﬁed yet, so each researcher presented different
results. Xu and Rajapakse (2001) found that the exact electric
boundary conditions accounting for the medium inside the crack
gaps would be reduced to the impermeable crack model when
the poling direction is perpendicular to the applied electric ﬁeld.
Also, Wang and Mai (2004) argued that electrical impermeabilities
are reasonable for the anti-plane crack. So, impermeable boundary
condition is more suitable in this paper.
In this paper, dynamic propagation of an interface Grifﬁth crack
between two dissimilar FGPM layers under anti-plane shear is ana-
lyzed. The properties of the FGPM layers vary continuously along
the thickness. The properties of the two FGPM layers vary differ-
ently and the two layers are connected weak-discontinuously (Li
and Lee, 2009b). The Yoffe-type model (Yoffe, 1951) for crack prop-
agation is adopted. Fourier transform is used to reduce the problem
to two sets of dual integral equations, which are then expressed in
two Fredholm integral equations of the second kind. Numerical re-
sults of the dynamic energy release (DERR) are presented graphi-
cally to show the effects on electric loading, gradient of material
properties, crack moving velocity, and thickness of layers.2. Problem statement and formulation
Consider two FGPM layers containing a ﬁnite interface crack
subjected to anti-plane shear loading, as shown in Fig. 1. Properties
of the two FGPM layers vary differently. The cartesian coordinates
(X,Y,Z) are ﬁxed for the reference. The FGPM layers occupy the re-
gion, 1 < X <1, h2 6 Y 6 h1, and are thick enough in the Z-
direction. The crack is situated along the interface line (a 6 X 6
a,Y = 0).
There are two different ways to express the material non-homo-
geneity, one is exponential type and the other is polynomial type.
The problems with both types of material non-homogeneity are
solved by integral transform approach and can be expressed in
Fredholm integral equation. The polynomial type material gradient
is more complicated than the exponential type in mathematical
treatment. On the other hand, the exponential type materialgradient can be easily treated and is sufﬁcient to understand the
effect of material gradient on the fracture behavior. Therefore, like
many previous researches, the material properties of the FGPM lay-
ers are adopted as follows (Erdogan, 1985):
c44i ¼ c440 expðbiYÞ; d11i ¼ d110 expðbiYÞ;
e15i ¼ e150 expðbiYÞ; qi ¼ q0 expðbiYÞ; ð1Þ
where c44i, d11i, e15i and qi are the elastic modulus, dielectric per-
mittivity, piezoelectric constant and material density, respectively.
c440, d110, e150 and q0 are the material properties at the interface
and bi is the non-homogeneous material constant. The subscript
i(i = 1,2) stands for the upper and lower layers, respectively. Due
to the symmetry in geometry and loading, it is sufﬁcient to consider
the right-hand half body only.
The piezoelectric boundary value problem is simpliﬁed consid-
erably if we consider only the out-of-plane displacement and the
in-plane electric ﬁelds such that
uXi ¼ uYi ¼ 0; uZi ¼ wiðX;Y ; tÞ; ð2Þ
EXi ¼ EXiðX;Y; tÞ; EYi ¼ EYiðX;Y; tÞ; EZi ¼ 0; ð3Þ
where uki and Eki (k = X,Y,Z) are the displacements and electric
ﬁelds, respectively.
In this case, the constitutive relations become
rZjiðX;Y; tÞ ¼ c44iwi;j þ e15i/i;j; ð4Þ
DjiðX;Y ; tÞ ¼ e15iwi;j  d11i/i;j; ð5Þ
where rZjiDji, (j = X,Y) and /i are the stress components, electric dis-
placements and electric potential, respectively.
The dynamic anti-plane governing equations for FGPM are sim-
pliﬁed to
c44ir2wi þ e15ir2/i þ bi c44i @wi@Y þ e15i
@/i
@Y
 
¼ qi
@2wi
@t2
; ð6Þ
e15ir2wi  d11ir2/i þ bi e15i @wi@Y  d11i
@/i
@Y
 
¼ 0; ð7Þ
where r2 = @2/@ X2 + @2/@Y2.
From the Li and Mataga (1996), a new function w is introduced
as follow:
wi ¼ /i 
e150
d110
wi: ð8Þ
By substituting Eq. (8) for Eqs. (6) and (7), the dynamic govern-
ing equations are transformed into the following equations:
r2wi þ bi @wi@Y ¼
1
c22
@2wi
@t2
; ð9Þ
r2wi þ bi @wi@Y ¼ 0; ð10Þ
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c2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l0=q0
q
; l0 ¼ c440 þ e2150=d110; ð11Þ
and c2 is the shear wave velocity.
For the problem of a moving crack with constant velocity ‘‘v”
along the X-direction, it is convenient to introduce a Galilean trans-
formation such as
x ¼ X  vt; y ¼ Y ; z ¼ Z; t ¼ t; ð12Þ
where (x,y,z) is the translating coordinate system attached to the
center of the moving crack.
In the transformed coordinate system, the dynamic anti-plane
governing equations for FGPM can be simpliﬁed to the following
forms:
a2
@2wiðx; yÞ
@x2
þ @
2wiðx; yÞ
@y2
þ bi
@wiðx; yÞ
@y
¼ 0; ð13Þ
r2wiðx; yÞ þ bi @wiðx; yÞ@y ¼ 0; ð14Þ
where
a ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 v
c2
 2s
: ð15Þ
Fourier transforms are applied to Eqs. (13) and (14), and the
results are as follows:
wiðx;yÞ ¼ 2p
Z 1
0
½A1iðsÞexpðq1iyÞþA2iðsÞexpðq2iyÞcosðsxÞds; ð16Þ
/iðx;yÞ ¼
2
p
e150
d110
Z 1
0
A1iðsÞexpðq1iyÞþA2iðsÞexpðq2iyÞ½ cosðsxÞds
þ 2
p
Z 1
0
½B1iðsÞexpðp1iyÞþB2iðsÞexpðp2iyÞcosðsxÞds; ð17Þ
where
q1i ¼ di þ
bi
2
; q2i ¼ di 
bi
2
; p1i ¼ ki þ
bi
2
; p2i ¼ ki 
bi
2
; ð18Þ
di ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2s2 þ b
2
i
4
s
; ki ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s2 þ b
2
i
4
s
; ð19Þ
A1i, A2i, B1i and B2i are the unknowns to be solved.
In this case, the stress and electric displacement components
are as follows:A11ðsÞ ¼ q12q21q22ð1 expð2d2h2ÞAðq11q21ð1 expð2d1h1ÞÞðq12 þ q22 expð2d2h2ÞÞ þ q12q22ð1 e
A12ðsÞ ¼ q11q21q22 expð2d2h2Þð1 expð2q11q21ð1 expð2d1h1ÞÞðq12 þ q22 expð2d2h2ÞÞ þ q12q22ð1 e
A21ðsÞ ¼ q11q12q22 expð2d1h1Þð1 expð2dq11q21ð1 expð2d1h1ÞÞðq12 þ q22 expð2d2h2ÞÞ þ q12q22ð1 e
A22ðsÞ ¼ q11q12q21ð1 expð2d1h1ÞÞAq11q21ð1 expð2d1h1ÞÞðq12 þ q22 expð2d2h2ÞÞ þ q12q22ð1 e
B11ðsÞ ¼ p12p21p22ð1 expð2k2h2ÞBðp11p21ð1 expð2k1h1ÞÞðp12 þ p22 expð2k2h2ÞÞ þ p12p22ð1 e
B12ðsÞ ¼ p11p21p22 expð2k2h2Þð1 expð2p11p21ð1 expð2k1h1ÞÞðp12 þ p22 expð2k2h2ÞÞ þ p12p22ð1 e
B21ðsÞ ¼ p11p12p22 expð2k1h1Þð1 expð2kp11p21ð1 expð2k1h1ÞÞðp12 þ p22 expð2k2h2ÞÞ þ p12p22ð1 e
B22ðsÞ ¼ p11p12p21ð1 expð2k1h1ÞÞBp11p21ð1 expð2k1h1ÞÞðp12 þ p22 expð2k2h2ÞÞ þ p12p22ð1 eryziðx; yÞ ¼ l0
2
p
Z 1
0
½q1iA1iðsÞ expðq2iyÞ þ q2iA2iðsÞ
 expðq1iyÞ cosðsxÞdsþ e150
2
p
Z 1
0
½p1iB1iðsÞ
 expðp2iyÞ þ p2iB2iðsÞ expðp1iyÞ cosðsxÞds; ð20Þ
Dyiðx; yÞ ¼ d110 2p
Z 1
0
½p1iB1iðsÞ expðp2iyÞ þ p2iB2iðsÞ
 expðp1iyÞ cosðsxÞds: ð21Þ
The boundary conditions can be written as
ryziðx;0Þ ¼ s0 ð0 6 x < aÞ; ð22Þ
w1ðx;0þÞ ¼ w2ðx;0Þ ða < x 61Þ; ð23Þ
Dyiðx;0Þ ¼ D0; ð0 6 x < aÞ; ð24Þ
/1ðx;0þÞ ¼ /2ðx;0Þ; ða < x 61Þ; ð25Þ
ryz1ðx;0þÞ ¼ ryz2ðx;0Þ ða < x 61Þ; ð26Þ
Dy1ðx;0þÞ ¼ Dy2ðx;0Þ; ða < x 61Þ; ð27Þ
ryz1ðx;h1Þ ¼ ryz2ðx;h2Þ ¼ 0 ð0 < x 61Þ; ð28Þ
Dy1ðx;h1Þ ¼ Dy2ðx;h2Þ ¼ 0; ð0 < x 61Þ; ð29Þ
where s0 and D0 are the uniform shear traction and electric dis-
placement, respectively.
By applying the edge loading conditions of Eqs. (28) and (29),
the unknowns in Eqs. (20) and (21) are evaluated as follows:
 q11A11ðsÞ expðq21h1Þ þ q21A21ðsÞ expðq11h1Þ ¼ 0;
 q12A12ðsÞ expðq22h2Þ þ q22A22ðsÞ expðq12h2Þ ¼ 0; ð30Þ
 p11B11ðsÞ expðp21h1Þ þ p21B21ðsÞ expðp11h1Þ ¼ 0;
 p12B12ðsÞ expðp22h2Þ þ p22B22ðsÞ expðp12h2Þ ¼ 0; ð31Þ
The continuity conditions of Eqs. (26) and (27) lead to the fol-
lowing relations between the unknowns:
 q11A11ðsÞ þ q21A21ðsÞ ¼ q12A12ðsÞ þ q22A22ðsÞ; ð32Þ
 p11B11ðsÞ þ p21B21ðsÞ ¼ p12B12ðsÞ þ p22B22ðsÞ: ð33Þ
It is convenient to use the following deﬁnitions:
A11ðsÞ  A12ðsÞ þ A21ðsÞ  A22ðsÞ ¼ AðsÞ; ð34Þ
B11ðsÞ  B12ðsÞ þ B21ðsÞ  B22ðsÞ ¼ BðsÞ: ð35Þ
Using the Eqs. (30)–(35), we can obtain the following relations:sÞ
xpð2d2h2ÞÞðq21 þ q11 expð2d1h1ÞÞ
; ð36Þ
d1h1ÞÞAðsÞ
xpð2d2h2ÞÞðq21 þ q11 expð2d1h1ÞÞ
; ð37Þ
2h2ÞÞAðsÞ
xpð2d2h2ÞÞðq21 þ q11 expð2d1h1ÞÞ
; ð38Þ
ðsÞ
xpð2d2h2ÞÞðq21 þ q11 expð2d1h1ÞÞ
; ð39Þ
sÞ
xpð2k2h2ÞÞðp21 þ p11 expð2k1h1ÞÞ
; ð40Þ
k1h1ÞÞBðsÞ
xpð2k2h2ÞÞðp21 þ p11 expð2k1h1ÞÞ
; ð41Þ
2h2ÞÞBðsÞ
xpð2k2h2ÞÞðp21 þ p11 expð2k1h1ÞÞ
; ð42Þ
ðsÞ
xpð2k2h2ÞÞðp21 þ p11 expð2k1h1ÞÞ
: ð43Þ
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sets of dual integral equations in the following forms:Z 1
0
sEðsÞAðsÞ cosðsxÞds ¼ p
2
2
a
1
l0
s0 þ e150d110 D0
 
; ð0 6 x < aÞ;Z 1
0
AðsÞ cosðsxÞds ¼ 0; ða < x 61Þ; ð44ÞZ 1
0
sFðsÞBðsÞ cosðsxÞds ¼ p
2
2
D0
d110
; ð0 6 x < aÞ;Z 1
0
BðsÞ cosðsxÞds ¼ 0; ða < x 61Þ; ð45Þ
whereEðsÞ ¼ 2
a
1
s
q11q12q21q22ð1 expð2d1h1ÞÞð1 expð2d2h2ÞÞ
q11q21ð1 expð2d1h1ÞÞðq12 þ q22 expð2d2h2ÞÞ þ q12q22ð1 expð2d2h2ÞÞðq21 þ q11 expð2d1h1ÞÞ
 
; ð46Þ
FðsÞ ¼ 2
s
p11p12p21p22ð1 expð2k1h1ÞÞð1 expð2k2h2ÞÞ
p11p21ð1 expð2k1h1ÞÞðp12 þ p22 expð2k2h2ÞÞ þ p12p22ð1 expð2k2h2ÞÞðp21 þ p11 expð2k1h1ÞÞ
 
: ð47ÞThen, the two sets of dual integral equations of Eqs. (44) and
(45) will be transformed to the Fredholm integral equations of
the second kind. If the variation of the material properties along
the x-axis is employed such as c44i = c440exp(biX), the dual integral
equations cannot be transformed into the Fredholm integral
equations of the second kind and different approach method is
needed.
The two sets of dual integral Eqs. (44) and (45) may be solved by
using the new functions X1(n) and X2(n) deﬁned by
AðsÞ ¼
Z
nX1ðnÞJ0ðsnÞdn; ð48Þ
BðsÞ ¼
Z
nX2ðnÞJ0ðsnÞdn; ð49Þ
where J0 is the zero-order Bessel function of the ﬁrst kind.
By inserting Eqs. (48) and (49) into Eqs. (44) and (45), we can
ﬁnd that the auxiliary functions X1(n) and X2(n) are given by the
Fredholm integral equations of the second kind in the following
forms:L1ðN;HÞ ¼
ﬃﬃﬃﬃﬃﬃﬃ
NH
p Z 1
0
S E
S
a
 
 1
 
J0ðSHÞJ0ðSNÞdS;
L2ðN;HÞ ¼
ﬃﬃﬃﬃﬃﬃﬃ
NH
p Z 1
0
S F
S
a
 
 1
 
J0ðSHÞJ0ðSNÞdS;
E
S
a
 
¼ 2
a
1
S
Q11Q12Q21Q22 1 exp 2D

Q11Q21 1 exp 2D1 h1a
  
Q12 þ Q22 exp 2D2 h2a
  
þ
2
4
F
S
a
 
¼ 2
S
P11P12P21P22 1 exp 2K1 h1a
 
P11P21 1 exp 2K1 h1a
  
P12 þ P22 exp 2K2 h2a
  
þ P12P
2
4
Di ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2S2 þ B
2
i
4
s
; Ki ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
S2 þ B
2
i
4
s
;
Q1i ¼ Di þ
Bi
2
; Q2i ¼ Di 
Bi
2
; P1i ¼ Ki þ Bi2 ; P2i ¼ Ki 
Bi
2
:X1ðnÞ þ
Z a
0
K1ðn;gÞX1ðgÞdg ¼ p2
2
a
1
l0
s0 þ e150d110 D0
 
; ð50Þ
X2ðnÞ þ
Z a
0
K2ðn;gÞX2ðgÞdg ¼ p2 2
D0
d110
; ð51Þwhere
K1ðn;gÞ ¼ g
Z 1
0
s½EðsÞ  1J0ðsgÞJ0ðsnÞds; ð52Þ
K2ðn;gÞ ¼ g
Z 1
0
s½FðsÞ  1J0ðsgÞJ0ðsnÞds: ð53ÞWe introduce the following dimensionless variables and functions
for numerical analysis:
s ¼ S
a
; b1 ¼
B1
a
; b2 ¼
B2
a
; ð54Þ
g ¼ aH; n ¼ aN; ð55Þ
X1ðnÞ ¼ p2
2
a
1
l0
s0 þ e150d110 D0
 
W1ðNÞﬃﬃﬃﬃ
N
p ;
X2ðnÞ ¼ p2 2
D0
d110
W2ðNÞﬃﬃﬃﬃ
N
p : ð56Þ
By substituting Eqs. (54)–(56) for Eqs. (50) and (51), we can obtain
the two Fredholm integral equations of the second kind in the fol-
lowing forms:
W1ðNÞ þ
Z 1
0
L1ðN;HÞW1ðHÞdH ¼
ﬃﬃﬃﬃ
N
p
; ð57Þ
W2ðNÞ þ
Z 1
0
L2ðN;HÞW2ðHÞdH ¼
ﬃﬃﬃﬃ
N
p
; ð58Þ
whereð59Þ
ð60Þ
1
h1
a

1 exp 2D2 h2a
  
Q12Q22 1 exp 2D2 h2a
  
Q21 þ Q11 exp 2D1 h1a
  
3
5; ð61Þ

1 exp 2K2 h2a
  
22 1 exp 2K2 h2a
  
P21 þ P11 exp 2K1 h1a
  
3
5; ð62Þ
ð63Þ
ð64Þ
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forms:
KsðvÞ¼KIIIðvÞ¼ s0þ e150d110D0
 
W1ð1Þ e150d110D0W2ð1Þ
	 
 ﬃﬃﬃﬃﬃﬃ
pa
p
; ð65Þ
KcðvÞ¼ 1
l0
s0þ e150d110D0
 
W1ð1Þ
ﬃﬃﬃﬃﬃﬃ
pa
p
; ð66Þ
KDðvÞ¼D0W2ð1Þ
ﬃﬃﬃﬃﬃﬃ
pa
p
; ð67Þ
KEðvÞ¼ 1
d110
e150
l0
s0þ e150d110D0
 
W1ð1ÞþD0W2ð1Þ
	 
 ﬃﬃﬃﬃﬃﬃ
pa
p
; ð68Þ
where Ks(v), Kc(v), KD(v) and KE(v) are the dynamic stress intensity
factor, dynamic strain intensity factor, dynamic electric displace-
ment intensity factor and dynamic electric ﬁeld intensity factor,
respectively.
By evaluating the dynamic energy release rate GIII(v) for the
anti-plane case obtained by Pak (1990) on a vanishingly small con-
tour at a crack tip, we can obtain the following form:
GIIIðvÞ ¼ K
sðvÞKcðvÞ  KDðvÞKEðvÞ
2
¼ pa
2
s0 þ e150d110 D0
 2 1
l0
W1ð1Þð Þ2  D
2
0
d110
W2ð1Þð Þ2
( )
; ð69Þ
in which the functionsW1(1) andW2(1) can be calculated from Eqs.
(57) and (58).3. Discussions
Eqs. (57) and (58) are reduced to the impermeable solution of
Kwon (2004) by having the same non-homogeneous material con-
stants of upper and lower layers (b1 = b2 = 2b). And Eqs. (57) and
(58) are also reduced to the solution of Shin and Kim (2003) by
ignoring crack propagation (v = 0 or a = 1) and having the same
non-homogeneous material constants of upper and lower layers
(b1 = b2 = b). These imply the correctness and accuracy of our
results.-1.00 0.00 1
e150D
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Fig. 2. Variation of the normalized DERR GIII(v)/G1 with e150D0To investigate the effects on the electric loading, gradient of
material properties, crack moving velocity and thickness of layers
on the DERR, numerical analyses are carried out. The DERR is nor-
malized by G1 ¼ pas20=ð2l0Þ. The normalized electric displace-
ment is determined as e150D0/(d110s0). It is assumed that the
material properties at the interface are the same as those of PZT-
5H as follows:
c440 ¼ 2:3 1010 N=m2; e150 ¼ 17:0 C=m2;
d110 ¼ 150:4 1010 C=Vm
Fig. 2 displays the variation of the normalized DERR GIII(v)/G1
against the normalized electric displacement e150D0/(d110s0) with
various normalized non-homogeneous material constants of the
upper and lower layers. The DERR increases and decreases depend-
ing on direction and magnitude of the electric loading, and the sign
of DERR are negative for certain electric load. That means the cer-
tain electric loading impedes crack propagation. This result agrees
with that of researches adopted the impermeable crack boundary
condition (Xu and Rajapakse, 2001; Shin and Kim, 2003).
Fig. 3 presents the variation of the normalized DERR GIII(v)/G1
against the normalized non-homogeneous material constant of
the upper layer B1 with various normalized non-homogeneous
material constants of the lower layer B2. From Figs. 2 and 3, we
can know that the DERR decreases when the gradients of material
properties of the upper and lower layers increase. For the upper
layer, the gradient of material properties increases as the non-
homogeneous material constant increases. But for the lower layer,
the gradient of material properties increases as the non-homoge-
neous material constant decreases because value of the y-axis is
negative. Increase of the gradient of material properties from the
interface is beneﬁcial to increase of the resistance of the interface
crack propagation of FGPM.
Fig. 4 shows the variation of the normalized DERR GIII(v)/G1
against the normalized crack moving velocity v/c2 with the various
normalized non-homogeneous material constants. According to in-
crease or decrease of the material properties of the upper and low-
er layer, we can classify into three categories as follows:.00 2.00 3.00
0/d110τ0
 0.2
2/a =1.0
 4.0, B2 = 4.0
 -1.0, B2 = 1.0
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/(d110s0) for various B1 and B2 (v/c2 = 0.2, h1/a = h2/a = 1.0).
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Fig. 4. Variation of the normalized DERR GIII(v)/G1 with v/c2 for various B1 and B2 (e150D0/(d110s0) = 1.5, h1/a = h2/a = 10.0).
-2.00 -1.00 0.00 1.00 2.00
B1
0.00
0.50
1.00
1.50
2.00
2.50
3.00
3.50
4.00
G
II
I(v
) /G
∞
e150D0/d110τ0 = 1.7
        v/c2 = 0.4 
h1/a = h2/a = 10.0
B2 =  2.0
B2 =  1.0
B2 =  0.0
B2 = -1.0
B2 = -2.0
Fig. 3. Variation of the normalized DERR GIII(v)/G1 with B1 for various B2 (e150D0/(d110 s0) = 1.7, v/c2 = 0.4, h1/a = h2/a = 10.0).
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and lower layer increases from the interface.
Case II: material properties decrease when the thickness of
upper and lower layer increases from the interface.
Case III: material properties increase from the lower surface
(y = h2) to upper surface (y = h1), and vice verse.
For the Case II and III, the DERR increases as the crack moving
velocity increases. But for the Case I, the trend is opposite. TheDERR decreases when the crack moving velocity increases. That
is, increase of the material properties from the interface to the
upper and lower surface is helpful to increase of the resistance of
the interface crack propagation of FGPM.
The effect on the crack moving velocity v/c2 on the variation of
the normalized DERR GIII(v)/G1 is shown in Fig. 5 with various
thicknesses of the layers. The DERR increases or decreases with
the increase of the crack moving velocity. But, the DERR decreases
when the thickness of layer increases. Increase of the thickness of
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Fig. 5. Variation of the normalized DERR GIII(v)/G1 with v/c2 for various h1/a and h2/a (e150D0/(d110s0) = 1.5, B1 = 1.0, B2 = 2.0).
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Fig. 6. Variation of the normalized DERR GIII(v)/G1 with h2/a for various B1 and B2 (e150D0/(d110s0) = 1.5, v/c2 = 0.4, h1/a = 1.0).
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interface crack propagation of FGPM.
Fig. 6 presents the variation of the normalized DERR GIII(v)/G1
against the normalized thickness of the lower FGPM layer with
the various non-homogeneous material constants. As similar to
Fig. 5, the DERR decreases as the thickness of the lower layer in-
creases. But, over certain value of the thickness of the lower layer
(about 3.00), the effect of decrease of the DERR is negligible. As
seen in Case I of Fig. 4, Fig. 6 also shows that increase of the mate-
rial properties from the interface to the upper and lower surface ishelpful to increase of the resistance of the interface crack propaga-
tion of FGPM.4. Conclusions
The problem of dynamic propagation of a weak-discontinu-
ous interface crack between two dissimilar FGPM layers under
anti-plane shear loading was analyzed by the integral transform
approach. The material properties of the FGPM layers vary
J.W. Shin, Y.-S. Lee / International Journal of Solids and Structures 47 (2010) 2706–2713 2713continuously along the thickness. The Fredholm integral equa-
tions were solved numerically. The computed results showed
that the followings were helpful to increase of the resistance
of the interface crack propagation of FGPM:
(a) Certain direction and magnitude of the electric loading.
(b) Increase of the gradient of material properties.
(c) Increase of the material properties from the interface to the
upper and lower free surface.
(d) Increase of the thickness of FGPM layers.
The DERR increases or decreases with increase of crack moving
velocity.
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